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ABSTRACT 
We call a seminorm S on an algebra LZ? quadrutiue if there is a positive A such 
that S(a’> < AS(a)’ for all a in &. If S is quadrative, we ask what polynomial 
operations on & are continuous in the topology defined by S. We show that when a 
polynomial lies in a certain large Jordan algebra, it is continuous. This is true for 
example of xyz and x2y + yx2, and it will follow that for some p > 0 and all a, b in 
.@. 
S(aba) < pS(a)‘S(b) and S(a26 + ba’) < pS(a)‘S(b) 
We further show that if the polynomial lies outside any one of a certain set of Jordan 
ideals, then for some quadrative S on ti, continuity does not hold. Such ideals exist, 
for instance, for xy, xy’, and y2x - xy’. 
*Research sponsored in part by the Fund for the Promotion of Research at the 
Technion, Grant 100-831. 
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I. INTRODUCTION AND STATEMENT OF MAIN RESULTS 
Let S be a seminorm on an associative algebra ti over a field IF, either 
the real numbers or the complex, so that for all a, b in ti and a in 1F 
S(u) 2 0, 
S( au) = IalS(a), 
S(u + b) < S(u) + S(b). 
In [l, 21 we called a positive real number X a quudrutioityfuctor for S or, 
for short, a Q-factor, if 
S(2) < hS(u)2 for all a E&3?. 
Similarly, we called J.L > 0 a multiplicutivity factor or an M-factor for S if 
S(d) =G pS(u)S(b) forall a,b Ed, 
If S has Q-factors, we call it quudrutive. Analogously, having M-factors, 
S is called multiplicative. 
Let p be a polynomial in the noncommuting indeterminates x1, . . , x, 
with coefficients in IF. For a,, . , a, in ti let ~(a,, . . . , a,) be the element 
of JY obtained by replacing each xi in p by ui and then carrying out the 
algebraic operations proper to &, thereby defining a function 
p:LYx *.. X&--t&Q?. (1.1) 
It is elementary that if S is multiplicative, then multiplication in ti is 
continuous with respect to the topologies defined by S in & X&f and JZ!. 
Indeed, let (a, 61, (a,, b,) be points of @ X ._d, and consider the identity 
ab -a&, = (u - u,)(b -b,) + u,(b -b,) + (u - u,)b,. 
If F is an M-factor for S, we get 
S(ub - u,b,) f @(a - u,)s(b - b,) 
+ @(u,)S(b - b,) + /~?(a - a,)s(b,); (1.2) 
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so keeping S(a - a,) and S(b - b,) small makes Scab - a,b,) small, and 
our assertion follows. 
Since adding and multiplying by a scalar are continuous by the properties 
of S, the above assertion obviously implies: 
THEOREM 1.1. lf S is a multiplicative seminorm on .PZ and p is a 
polynomial in the noncommuting ind.eterminates x1, . . , x,, then the function 
in (1.1) is continuous in the topologies defined by S in JZ’ X .a* X& and JX?. 
Our goal is to see which polynomials p lead to continuous functions when 
one assumes merely that S is quadrative. 
In order to discuss our results we shall often view our polynomials as 
members of lF( xi,. . , x, >, the free algebra of polynomials over [F in the 
noncommuting indeterminates xi, . . . , x,. Further, if & is an algebra over a 
field not of characteristic 2, one can introduce a new product, the Jordan 
product, defined on & by 
a. b = +(ab + ba) 
This makes & into the special Jordan algebra dsl+ [3, p. 4, Definition 21. In 
particular, one can apply this construction to the algebra [F( xi,. . . , x,,), thus 
producing the s ecial Jordan algebra IF ( x1,. . , xn> +. We shall denote by 
(Xi> f. 1 x,, 1)” the subalgebra of E( xi,. . . , x,)+ generated by xi,. . , x, 
and 1. Final1 
Ux,, . . . , xn> 
? 
we shall use (x1,. . . , x,)(+) to denote the ideal of 
generated by xi,. . , x,. 
With this notation we can now present our main findings: 
THEOREM 1.2. Let S be a quadrative seminorm on &. Suppose p is a 
member of (x1, . . , x,, l)‘+‘. Then p gives rise to a continuous function on 
L.%?x ..* X.PZ into A? in the topologies’ defined by S. 
To illustrate Theorem 1.2 we note for example (see Proposition 2.1) that 
xyx and x2y + yx’ belong to (x, y, l)‘+‘, the subalgebra of [F( x, y)’ 
generated by x, y, and 1. We conclude that the functions 
xyx :&cd XL&f -‘&3?, x2y + yx2:.M x&f +A? (1.3) 
‘We shall henceforth use “topology defined by S” to mean “topologies defined in 
@ X ... X&and .M by S.” 
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are continuous, no matter how the seminorm S for JX? is chosen, as long as it 
is quadrative. 
If & is commutative we shall deduce a simple analogue of Theorem 1.2: 
THEOKEM 1.3. Let S be a yuadrative seminorm on a commutative 
algebra @, and let p belong to F( x,, . . , x,,). Then p leads to a continuous 
fhction on d X f.. X&’ into d in the topology dejned by S. 
We shall also use: 
DEFINITION 1.1. Let S be a seminorm on ti, and let p E E( x1, . . , xn> 
be homogeneous in each xi with degree of homogeneity d,. Then a positive 
/A will be called a p-fnctor for S if 
S( p(a,, . , a,)) < pS(a,)“’ *.. S(a,)“” forall a,,...,a, Ed. 
(1.4) 
For instance, if p = xf, then a p-factor is merely a Q-factor; and if 
p = rirj, i #j, then p-factors are just M-factors. 
We shall establish that for homogeneous polynomials, continuity at 
(0, . , 0) and having p-factors are closely related: 
THEOREM 1.4. Let S and p be as in Definition 1.1, and let p have 
constant term 0. Then S has p-factors if and only if p is continuous at the zero 
element (O,...,O) of&X *.f X22. 
Recalling the continuous functions in (1.3), we see now that if S is 
quadrative on _u’ then it has for example xyx- and (x2 y + yx2)-factors, i.e., 
for some p > 0, 
S(aba) < /1S(a)‘S(b), S(a”b + ba”) < &?(a)‘S(b) forall a,b E&. 
Some of our results lead to polynomials which are discontinuous at 
(0, . , 0) although S is quadrative. One of these results reads: 
THEOREM 1.5. Let p be a member of 9 = IF( x1, . . , xn> with constant 
term 0. Suppose p does not lie in the ideal (x,, . , x,)(+) of Fa+. Then there 
exists a quadrative seminorm S on 9 that leaves p discontinuous at the zero 
element (0, . . ,O> of 9 X .** X9 in the topology defined by S. 
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From Theorems I.4 and 1.5 we shall conclude for instance: 
COROLLARY 1.1 (Compare [2, Examples 3.1-3.31). There is a quadrutive 
seminorm on !F( x, y > f or which xy is discontinuous at (0,O) and hence has 
no M-factors. 
Likewise, using Theorem 2.1 below, we shall show for example that there 
exists a quadrative seminorm on lF( x, y> that renders xy*, y*x, and y*x - 
xy* discontinuous at (0, 01, and so has no p-factors for these polynomials. 
2. PROOFS AND FURTHER REMARKS 
We begin by referring to Lemma 2.1 of [2], from which we can deduce 
immediately: 
LEMMA 2.1. If S is a quadratiue seminonn on d, then it has M-factors 
on d+. 
We now turn to: 
Proof of Theorem 1.2. We first construct an ascending family of sets 
ai,gg,. . . , where ~8~ = {xi, . , x,, 11. Suppose Bm has been defined. 
Then %‘,,,+ i shall consist of all elements of B,,,, their linear combinations, 
and their Jordan products u = u. Let the union of the .G&‘~ be called a. Then 
surely * contains (xi,. . . , x,, l)“‘, so p belongs to 9. It suffices therefore 
to show by induction on m that if 9 is in *m then 9 is continuous on 
_%? x *** X& in the topology defined by S. In fact, it is enough to treat 9 = 
u.v when u and u liein g,,_i, and hence are presumably continuous. 
Indeed, let a = (a,, . . , a,), b = (b,, . . . , 6,) be points of ti X e.0 X&, 
and consider the identity 
9(b) - 9W = 644 - u(4). 6W - 44) 
+ u(a).(u(b) - v(a)) + (u(b) - u(a)).u(a). 
By Lemma 2.1, S has an M-factor p relative to the Jordan product . . Thus, 
as in (1.2), 
S(O) - 9(a)) d @(u(b) - u(a))S(u(b) - u(a)) 
+ bW+))Wb) - 44) 
+ d(u(b) - u(a>)S(u(a>>. 
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Since u and u are continuous at a, quantities like S(u(b) - u(a)) can be kept 
small by keeping S(b, - ai) small. Hence g is also continuous at a, and the 
proof is complete. n 
To facilitate the example following Theorem 1.2 we record now: 
PROPOSITION 2.1. A basis for all elements of ( x, y, I)‘+’ of degree not 
exceeding three is 
1, X, y, x2, xy + yx, ya, X3, xay + yx2, xyx, xya + y%, yry, y3. (2.1) 
Proof. The heart of the proof consists of the following three steps, which 
are left to the reader: 
(a> Verify that th e elements in (2.1) can be obtained from the generators 
X, y and 1 of (x, y, l)‘+’ by the relevant algebraic operations. 
(b) Confirm that the members of (2.1) are linearly independent. 
(c) Assure that X, the span of (2.1) and all polynomials of degree greater 
than three, is a subalgebra of [F( x, y >. 
Since Zincludes X, y, and 1, we invoke (c) to conclude that (x, y, I)‘+’ 
_c% Hence by (a> and (b), a basis for (x, y, 1)“’ is given by (2.1) plus 
certain polynomials of degree exceeding three, and the proposition follows. 
n 
We recall Theorem 3.1 of [2], which yields at once: 
LEMMA 2.2. lf S is quadrative and ~2 is commutative, then S is 
multiplicative on 22. 
This lemma together with Theorem 1.1 implies Theorem 1.3 without 
difficulty. 
We next come to: 
Proof of Theorem 1.4. Let p be continuous at (0,. . ,O>. Since 
~(0, . . ,O> = 0, th en for any positive ,s there is a positive 6 such that 
S( p( a,,..., a,,)) < E when a,, . , a, satisfy S(ai> < 6, i = 1,. , n. Take 
E = 1 and get the 6. For each i, i = 1,. . , n, let pi be a number greater 
than S(ai>. Then S(U~G//~~> < 6. Hence 
S( p(a,a/P,, . l a,,6/P,)) < 1. (2.2) 
QUADRATIVE SEMINORMS 275 
Now, by the homogeneity of p, 
s( P(%S/P,, . . > QVP,)) = s( p(u,, . . . , a,)>( S/P,)“l -*- (s/P,p. 
(2.3) 
Letting each pi approach its lower bound S(a{), (2.2)-(2.3) yield (1.4) with 
p = a-“, where d is the sum of the d,. Hence S has p-factors. 
Conversely, if S has p-factors, then by (1.41, p is continuous at (0, . . , 0). 
n 
As usual, a subset Z of an algebra ~2 is called a Jordan ideal in d if 
u-b EZ for all a E&, b EX. 
With this definition we recall: 
LEMMA 2.3 [2, Theorem 2.61. Let X be a Jordan ideal in an algebra H 
such that &/X is finite dimensional. Then there is a quudrutive seminorm on 
a+’ having _%? us its kernel. 
We can now obtain: 
Proof of Theorem 1.5. Fix an integer k greater than the degree of the 
given p, and let 3 be the ideal of E( x1,. . , IX,,)+ spannedbycx,, . , xn)(+) 
and the homogeneous monomials of degree k or greater. Then A? is a Jordan 
idealin 9~ [F(x,,..., xn>, and 9/X is finite dimensional. By Lemma 2.3 
therefore, there is a quadrative seminorm S on 9 having Zas its kernel. We 
have S( p> > 0, because p is not in Z However, S(xi) = 0. Now suppose p 
were continuous at (0, . . , 0) in the topology defined by S, and recall that 
pm,... , 0) = 0. Hence for every positive E there is S > 0 such that for all 
p,,..., p, in 9’ with S( pi> < 6, one will have S( p( p,, . . , p,J) < E. Take 
6 = S(p), (2.4 
which is positive, and let pi = xi, i = 1, . , n. Then S( pi> = 0 < 6 for all 
i. So 
SC PC Pl, ‘. ) P”>> < E. (2.5) 
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But now 
(2.6) 
because when the elements xi, . . , x, are inserted into the function p we 
get the polynomial p. Thus (2.4)-(2.6) imply S( p> < S( p>, a contradiction 
which completes the proof. n 
In order to prove Corollary 1.1 we need the following proposition, whose 
proof can be obtained from that of Proposition 2.1 by replacing “subalgebra” 
by “ideal.” 
PROPOSITION 2.2. A basis for the elements of the ideal (x, y)‘+) gene- 
ratedby x and y in ff(x, y)’ with degree not exceeding three is 
x, y, x2 ) xy + yx, y2, 2, x2y, xyx, yx2, xy2, yxy, y2x, y3. 
Proof of Corollary 1.1. By Proposition 2.2, the ideal (x, y)‘+’ excludes 
xy. Hence by Theorem 1.5, there is a quadrative seminorm S on lF( x, y) 
that leaves the polynomial xy discontinuous at (0,O). By Theorem 1.4 
therefore, S has no xy-factors, that is, no M-factors. n 
Proposition 2.2 shows that the only monomials of degree not greater than 
three excluded by (x, y)“’ appear to be xy and yx. Thus Corollary 1.1 is 
essentially the most we can deduce from Theorem 1.5 in the way of getting 
monomials of degree not exceeding three that give rise to discontinuous 
functions. 
Other examples of discontinuity can be obtained through our next 
theorem: 
THEOREM 2.1. Let (x>(‘) be the ideal generated in F( x, y)’ by x 
alone. Suppose p is a member of F( x, y ) not belonging to (x)(+), and let p 
be homogeneous of positive degrees in x and y. Then there exists a quadrative 
seminorm S on F( x, y ) that makes p discontinuous at (0, 0) in the topology 
defined by S. 
Proof. Let p be homogeneous of degree h in x and k in y. Let 3 be 
the ideal in F( x, y)’ g enerated by x and all elements xi yj with i > h, 
j > k. Then as in the proof of Theorem 1.5, there is a quadrative seminorm S 
on F( r, y > satisfying 
SC P) > 0, S(x) = 0. (2.7) 
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if p is at O), th en there a such that 
< 6, S(p,) s imply pa)) < 1 pair p,, p, E 
F(x, y). So if S(api) < 6 and S(flpZ) < 8, then S(p(crp,, PpZ)> < 1 for 
each positive CK, /3. Take pi = x, p, = y. Then S(apI) = 0 < 6, SO if /3 is 
small we get 
Ly*@q p(x, y)) = s( p(c=, BY)) < 1. (2.8) 
Fix a sufficiently small p, but let (Y grow without bound. Then by (2.81, 
SC P> = SC P(XJ YN = 0, 
contradicting (2.71, and we are done. n 
In order to illustrate Theorem 2.1 we first offer: 
PROPOSITION 2.3. A basis for the elements of degree not exceeding three 
in the ideal (xl”’ of lF( x, y)’ is 
x, x2, xy + yx, x3> x2y, xyx, y2, xy2 + y2x, yxy. (2.9) 
The proof, being similar to that of Proposition 2.2, is omitted. 
We see that xy2 is not in (x) (+I Thus by Theorems 2.1 and 1.4 we get a . 
quadrative seminorm S on [F( x, y > that makes ry2 discontinuous at (0, 0) 
and has no ry2-factors. The same applies to y’x and y2x - xy2, for 
example. In fact, studying the proof of Theorem 2.1, one realizes that a 
quadrative S on [F(x, y) can be found which shows this for xy’, y2x, and 
y2x - xy2 simultaneously, because the ideal (x)(+) used above excludes 
them all. 
What about yx2, which is not excluded from the ideal (xl(+)? It is, 
however, excluded from the ideal ( y) (+I. hence by a mere alphabetic variant ,
of Theorem 2.1, we can find a quadrative seminorm iF(x, y) that makes yx2 
discontinuous (0,O). 
What about y2? Looking at the list (2.9), we see that it is not in the ideal 
(x)(‘), yet it is surely continuous at (O,O> when S is quadrative. Does this 
contradict Theorem 2.1? No, because y 2 is not homogeneous to a positive 
degree in x. 
We conclude by stating the following generalization of Theorem 2.1, 
whose proof is left to the reader. 
THEOREM 2.2. Let p be an element of 9 = F(x,, . , xk, yl,. . , y ,,) 
that is homogeneous of positive degree in each yj and in at least one of the xi. 
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Suppose p does not belong to the ideal ( x 1, ... , x k )< +) of 9'+ generated by 
all the X;. Then there is a quadrative seminorm S on 9' that renders p 
discontinuous at (0, ... , 0). 
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